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Abstract: A subset 5 C U in a graph G = (U, E) is a total [1, 2]-set if, for every 
vertex u G U, 1 < |A(u) C Sj < 2. The minimum cardinality of a total [1, 2]-set of 
G is called the total [1, 2]-domination number, denoted by 7 t[i, 2 ](G'). 

We establish two sharp upper bounds on the total [l,2]-domination number 
of a graph G in terms of its order and minimum degree, and characterize the 
corresponding extremal graphs achieving these bounds. Moreover, we give some 
sufficient conditions for a graph without total [l,2]-set and for a graph with the 
same total [1,2]-domination number, [1,2]-domination number and domination 
number. 
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1 Introduction 

We consider undirected finite simple graphs only, and refer to [I3] for 
undefined notations and terminologies. Let G = {y{G), E{G)) be a graph 
of order n = T(G)| and size m = \E{G)\. For a vertex v G V{G), the 
neighborhood Nq{v) of v is the set of vertices adjacent to v in G, and the 
closed neighborhood Ag[u] of v is Nciv) U {u}; the degree dciv) of v is the 
number of edges incident with v in G. Since G is simple, do (u) = |iVG(u)|. If 
there is no confusion, we simply write N{v), iV[u] and d{v) instead of Ng{v), 
A( 5 [u] and dciv). The minimum degree and maximum degree of a vertex in 
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a graph G are denoted by 5{G) and A(G), respectively. A vertex of degree 
1 is called a leaf and the vertex adjacent to a leaf is called a support vertex. 

Let S C V{G) and v E S. The open and closed neighborhood of S 
are N{S) = Uy^sN{v) and N[S] = U^g 5 A[n], respectively. The S-private 
neighborhood of n, denoted by priciv, S) or simply pri{v, S), consists of all 
vertices in No[v] bnt not in Ng[S \ {n}]; that is, pri{v, S) = Ng[v] \ Ng[S \ 
{n}]. Thns, if m G pri{v,S), then N[u] 0 3 = {n}. For S' C S, denote 
pri{S', S) = pri{u, S). The snbgraph obtained by deleting all vertices 

in S is denoted by G — S'. The symbol G[S'] denotes the snbgraph of G 
indnced by S. So, G — S' is the snbgraph of G indnced by V{G) \ S. 

Let X and Y be two sets of vertices of a graph G. We denote by E[X, Y] 
the set of edges of G with one end in X and the other end in Y . 

A set S' C V{G) is called a dominating set of a graph G if N[S] = V{G), 
that is, N{y)OS 7 ^ 0 for every vertex v G V{G)\S. The minimnm cardinality 
of a dominating set in a graph G is called the domination number of G, and 
is denoted by 7 (G). A dominating set S' of G is called a total dominating set 
if for every vertex v G V{G), N{v)OS The total domination number oi 
G, denoted by 7 t(G), is the minimnm cardinality of a total dominating set 
of G. An independent set of G is a set of mntnally independent vertices. 

The notion of [1, 2]-domination was investigated by Dejter [ 6 ] and more 
recently, by Chellali et ah [1]. A dominating set S of G is called a [1,2]-set 
if 1 < \N{v) n S'! < 2 holds for every vertex v G V{G) \ S, that is. S' is a 
dominating set and every vertex in 1/ \ S' is adjacent to no more than two 
vertices of S. The [1, 2]-domination number of G, denoted by 7 [i, 2 ](G), is the 
minimnm cardinality of a [l,2]-set of G. Since the vertex set V{G) itself is 
a [l,2]-set of a graph G, any graph has a [l,2]-set. There exists an inhnite 
family of graphs G whose [1, 2 ]-domination nnmber are eqnal to their orders 
mini. So, one of the fnndamental problem on [ 1 , 2 ]-domination of graphs is 
that for which graphs G of order n is 7 [i, 2 ](G) = n ? The problem, whether 
there is a simple, polynomial test for deciding if 7 ( 1 , 2 ] (G) < n, is still open. 
A nnmber of open problems in [1] regarding [l,2]-domination were solved by 
Yang and Wn [Hj. 

An analogne notion of [l,2]-domination for the total domination of a graph 
was also introdnced in [1]. A total dominating set S' of G is called a total 
[l,2]-sef if for every vertex v G V{G), 1 < \N{v) fl S'] < 2. The total [1,2]- 
domination number of G, denoted by 71 ( 1 , 2 ] (G), is the minimnm cardinality 
of a total [1, 2]-set of G. However, we will see that there exist an inhnite 
nnmber of graphs with no total [1, 2]-set, even among trees. For convenience, 
if there is no total [l,2]-set in a graph G, we denote 71 ( 1 , 2 ](G) = + 00 . By 
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this convention, it is trivial to see that for any graph G, 


7 (G') < jt{G) < 7 t[i, 2 ](G) and 7 (G) < 7 [i, 2 ](G) < 77 i, 2 ](G). 


We call S C V{G) a 'y{G)-set, if S' is a dominating set with IS"! = 7 (G). 
Similarly, 7 [i^ 2 ](G)-set, 7 t(G)-set, 747 ^ 2 ] (G)-set can be defined. One of the 
remaining problems in [ 1 ] was stated as follows. 

Question ([31)- What can yon say about total [l,2]-set, and the corre¬ 
sponding total [ 1 , 2 ]-domination number 7 i[y 2 ](G) ? 

In this paper, we give two sharp upper bounds on the total [1, 2]-domination 
number of a graph in terms of its order and an additional condition that the 
minimum degree at least 1 or at least 2. Moreover, we give some suffi¬ 
cient conditions for a graph without total [ 1 , 2 ]-set and for a graph with the 
same total [ 1 , 2 ]-domination number, [ 1 , 2 ]-domination number and domina¬ 
tion number. 

2 Upper bounds for 7t[i 2](G') 

As usual, the path, cycle, and complete graph of order n are denoted by 
Pn, Gn and Kn, respectively. The fc-corona GoP^ is the graph obtained from 
G by attaching a pendant path of length k — 1 to each vertex v G V{G)] 
the double fc-corona G o 2Pk is the graph obtained from G by attaching 
two pendant paths of length k to each vertex v G V{G), see Fig. 1 for an 
illustration. 





G 


G0F2 


G02P2 


Fig. 1: 2-corona and double 2-corona 


We start with the following lemma. 
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( 2 ) 


( n = 1 {mod 2) 

lt[i, 2 ]{yPn) = lt[i, 2 ]{Cn) = I f + 1 , n = 2 {mod 4 ) 

[ n = 0 {mod 4 ). 

(3) if G = H o 2 P 2 for a connected graph H of order at least two, then 
7t[i,2](G) = where n is the order of G. 

Proof. We leave ( 1 ) and ( 2 ) to the readers for an exercise. To show ( 3 ), let 
77 be a connected graph of order k > 2, with V{H) = {mi, ... ,Uk}. Let 
V{G) = V{H) UXUYUX'UY', where X = {x,,..., x^}, Y = {y,,..., |/ 

X' = {x[,.. .,x'^f\, Y' = {y [,...,!/;}, and E{G) = E{H) U {uiXi\ 1 < 7 < 
k] U {uiyi\ 1 < 7 < /c} U {xix{\ 1 < i < k] Vd {yiy'i\ 1 < i < k}. Obviously, 
X UY UX'UY' is a total [1, 2 ]-set of G, so 7t[i,2](0) < Take a 7t[i,2]-set S 
of G. Since S' is a total dominating set oiG, XUY C S'. On the other hand, 
V{H) OS' = 0 . If it is not true, without loss of generality, we may assume that 
Ml G S' and U2 is a neighbor of Ui in H. But then, {x2, 2/2, ^i} C Nc{u2) O S', 
contradicting that S' is a total [1, 2 ]-set of G. Combining the above two 
facts with the other two facts that X U T is an independent set of G and 
( 5 (G[S]) > 1, it follows that S' = XUFUX'U Y', and thus ^t[i,2]{G) = 

□ 

By Lemma 2 . 1 , '^t[i, 2 ]{G) > 2 for any connected graph G of order n >2, 
and there are inhnite family of graphs G with '^t{i, 2 ]{G) = 2 . Indeed, for a 
graph G, 'ytii, 2 ]{G) = 2 if and only if G has a dominating set, which consists 
of a pair of adjacent vertices in G. Cockayne et ah [S] proved that 71(G) < ^ 
for a connected graph of order n > 3. Later, Brigham et al. | 3 ] characterized 
those graphs achieving this bound. 

Theorem 2.2. \^) Let G be a connected graph of order n > 3. Then 

lt{G) < ^ and the eguality holds if and only if G is G 3 , Gq or H o P 2 for 
some connected graph H. 

Note that 7[i,2](G) < n is a trivial upper bound for a graph G of or¬ 
der n, and the equality holds for an inhnite many values of n, see mini- 
in the following theorem, we establish a sharp upper bound for the total 
[1, 2]-domination number of a connected graph in terms of its order and 
characterize all graphs achieving the bound. 

Theorem 2.3. Let G be a connected graph of order n > 5. 7 /7i[i,2](G) < 
-l-cxo, then 

4-71 

7 t[i, 2 ](G) < -, 

with eguality if and only if G = H o 2 P 2 for some connected graph H of order 
at least two. 
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Proof. Let S' be a 7 t[i^ 2 ](G)-set of G. Since 1 < 5(G[S']) < A(G[S']) < 2 , each 
component of G[S'] is a path or a cycle. Divide S into fonr snbsets: 

S*! = {n G S'! M lies in a component of G[S] isomorphic to a cycle}, 

5 2 = {u E S\ u lies in a component of G[S] isomorphic to K 2 }, 

5 3 = {u E S\ u lies in a component of G[S] isomorphic to P 3 }, 

S 4 = {u E S\ u lies in a component of G[S'] isomorphic to a path of order at least 4}. 

Clearly, IS"! = J2t=i Recall that for a vertex u E S, pri{u,S) = {n G 
V{G)\S \ N{v) 0 5 = {m}} and pri{Si, S) = Uu(^SiPri{u, S). 

Claim 1. ( 1 ) |pri(S'i, S')! > |S'i|, ( 2 ) |pri(S' 3 , S')] > (3) |pri(S' 4 , S')] > 

1 5 * 4 1 — 2074, where UJ 4 denotes the nnmber of components in G[S'], which is 
isomorphic to a path of order at least 4. 

Proof of Claim 1. Let m G S' be a vertex. If n G S'! and pri{u) = 0, then 
S'\ {m} will be a total [1, 2]-set of G, contradicting the choice of S'. Therefore 

|pri(^i,S)| = I IJ pri{u,S)\ = ^ \pri{u,S)\ > |^i|. 

u^Si u^Si 


This proves (1). 

Now assnme that u E S 3 and dcisafu) = 1- If pri{u) = 0, S' \ {«} is still 
a total [l,2]-set of G, contradicting the choice of S'. Therefore 

|pri(^ 3 ,^)| = I IJ pri(M,^)| > ^ \pri{u, S)\ > 

uGSs ueS3,dcis^]{u) = l 

This proves (2). 

To show (3), let P = U 1 U 2 ■ ■ - Uk be a component of G[S'], which is iso¬ 
morphic to a path of order k, where k > A. By an argnment similar to the 
above, we have pri{ui, S') 7 ^ 0 for any i E {1,2,... , k} \ {2, k — 1}, and thns 
|pri(S' 4 , S')! > |S' 4 | —2074. □ 

Claim 2. \U\ > ^ where U = l/(G)\[^UpG(^i, ^)Upri(^ 3 , ^)UpG(^ 4 , S)]. 

Proof of Claim 2. Since G is connected, every component of G[S], which is 
isomorphic to K 2 , has at least one neighbor in U. Let W = Uu£S 2 ^{u) fl U. 
Since every vertex of W is adjacent to at most two vertices of S in G, 

2\W\>\E\S,W]\>\E\S^,W]\P.^, 
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□ 


and thus \U\ > \W\ > 

Since 004 < we have 

n = |^| + |pr*(^i,^)| + |pr*(^3,^)| + brz(^4,^)| + |^| 

> |^| + |^i| + ^ + |^4|-2a;4 + ^ 

^ 5|^| 3|^i| 5|^3| 3|^4| |^4| 

- 4 ^ 4 ^ 12 ^4 2 

^ 51^1 3|^4| 5|^3| |^4| 

- 4412 4 

> ^ 

- 4 ■ 

So, 7t[i,2](G) < f. 

If the equality holds, we have |5'i| = |S'3| = |S'4| = 0, 114(G) \ S\ = ■^, 
every component isomorphic to K 2 has exactly one neighbor in 14(G) \ S, 
and each vertex of 14(G) \ S has exactly two neighbors in S. And if = 1, 
then G = P5, while 7t[i,2](P5) = 3. So, G = H o 2 P 2 for a connected graph H 
of order at least 2. By (3) of Lemma 2.1, the converse is also true. □ 

Theorem 2.3 tells us that there does not exist a graph G of order n > 5 
with 7f[i,2](G) = k for any < k < n. However, the situation become 
different when k < [^J. To see this let us construct a class of the fol¬ 
lowing graphs. We start from a complete graph Kn-k with V{Kn-k) = 
{vi^V 2 i--- iVn-k} and denote r = [|J. For 10 < fc < and k = 

0 {mod 2), we construct a graph Fn^k of order n with 'yt[i, 2 ]{Fn,k) = k a.s 
follows: Fn^k has 

V{Fn,k) = V{H) U {wi,... ,Wk} U {w[,... ,w'^} 

2 2 

and E{Fn^k) = E{H) U {wiw{\ 1 < i < |} U P', where 

E' = {ViW2i-l,ViW2i\ I <i < r-l}{j{VrW2r-l}'J{VjW2r,VjW2r\ T+l < j < U-k} 

if fc = 0 {mod 4); and 

E' = {ViW 2 i-l, ViW2i\ 1 < i < r} U {VjW2r+lVjW2r+i\ r+l<j <71- k} 

if k = 2 {mod 4). For 10 < A: < and k = 1 {mod 2), we construct 
a graph En^k of order n with 'jt[i, 2 ]{Fn,k) = k as follows. Note that now 
n — k — r >2. E^^k has 

V{En,k) = V{H) U {wi,.. .,Wk^} U {w [,..., w'k-3 1 U {w,w',w"} 

2 2 


6 














and E{Fn,k) = E{H) U {wiw[\ \ <i < U {ww', w'w"} U E' , where 

E' = {ViW2i-l, ViW2i\ l<i<r-l}U {VrW2r-l, Vr+2w''} 

[J{vjw'\ r + ?)<i<n — k} 

if fc = 1 {mod 4 ); and 

E' = {ViW 2 i-l, ViW 2 i\ 1 < i < r} U {Vr+lW, Vr+2w"} 
U{vjw'\ r + 3 < j <n — k} 


if fc = 3 {mod 4 ). 

In Fig. 2 we display E^^iq, Fis^n, Fig,12 and Fig,13- 





Fig. 2 . The graphs Fi 4 ,io> .F’15,11, i^l6,l2 and Fig,13. 

Proposition 2.4. For any two positive integers n and k with 10 < fc < 
there exists a graph G of order n with 7 t[i, 2 ](G) = k. 

Proof. Note that the order of the graph E^^k as constructed above is n and 


W 


{tci,..., tcfc} U , ta'fc}, k = 0 {mod 2) 

2 2 

{tci,..., tav^} U , ta'^} U {ta, ta', ta"}, k= 1 {mod 2), 

2 2 
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is a total [l, 2 ]-set of G. So, 7t[i,2](-^n,fc) < k. Take a 7f[i,2]-set S of Fn^k- 
Case 1. /c = 0 {mod 2 ). 

Since S' is a total dominating set, {wi,W2, ■ ■ ■ ,w^} C S. On the other 

2 

hand, V(Kn-k) O S' = 0 . Otherwise, if Wj G S' for some 1 < i < n — k, then 
{vi, Wi, W2} F N{vi) n S' if z 7^ 1 or {vi, W3, W4} C N{v2) O S' if z = 1, both 
contradicting that S' is a total [l, 2 ]-set of G. Then Combining the above 
two facts with the other fact that {wi,W2, ■ ■ ■ ,Wk} is an independent set 
of Fn^k, it follows that S = {wi,W2, ■ ■ ■ ,Wk} U {w[,W2, ■ ■ ■, wi}, and thus 

2 2 

Case 2. k = 1 {mod 2). 

Since S' is a total dominating set, {wi,W2, ■ ■ ■ ,w^} C S'. On the other 

2 

hand, V{Kn-k) O S' = 0 . Otherwise, if n* G S' for some 1 < z < n — /c, then 
{wj, tci, W2} F N{vi) n S' if z 7^ 1 or {vi, W3, W4} C N{v2) O S' if i = 1 , both 
contradicting that S' is a total [ 1 , 2 ]-set. Then Combining the above two facts 
with the other fact that {wi,W2, ■ ■ ■ ,Wk^,w,w'’} is an independent set of 
Fn^k, it follows that S = {wi,W2, ■ ■ ■, ..., w', w"}, 

2 

and thus 7t[i,2](-^n,fc) = k. □ 

The upper bound on 74(1,2] (G) in Theorem 12.31 is sharp. However, every 
extremal graph G with 74(1,2] (G) = ^ satisfies that ( 5 (G) = 1 . It is natural 
to consider the upper bound on 74(1,2] (G) when ( 5 (G) > 2. 

Theorem 2.5. Let G he a connected graph of order n > 3 and ( 5 (G) > 2 . If 
7t[i,2](G) < +00, then 

2 n 

7 t[i, 2 ](G) < y. 

Proof. Let S' be a 74(1,2] (G)-set of G. Same as the proof of Theorem 12.31 we 
divide S into four subsets S'!, S'2, S'3 and S'4. 

Claim 1. (1) |pH(Si,S')| > |S'i|, (2) |pW(S'3,S')| > ( 3 ) |pH(S4, S')] > 

I S'4 1 — 2a;4, where a;4 denotes the number of components in G[S], which is 
isomorphic to a path of order at least four. 

Claim 2. |f/| > ^ where U = l/(G)\(^Upri(Si, ^)Upri(^3, ^)UpG(^4, ^)). 

Proof of Claim 2. Since 5 (G) > 2, every vertex in S'2 has at least one 
neighbor in U. Let W = U„g52iV(t4) HU. Since every vertex in W is adjacent 
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to at most 2 vertices in S and S{G) > 2, we have 


2|iy| > \E[S,W]\ > \E[S2,W]\ > 


veS2 


veS2 


and thus \U\ > \W\ > 

Since we have 


□ 


n = |^| + br*(^i,^)| + br^(^3,^)| + br*(^4,^)| + |?7| 


> |^| + |^i| + ^ + |^4|-2a;4 + ^ 

31^1 l^d l^sj 



> 

2 


3|5| 



This upper bound is also sharp. For an integer /c > 4, we can construct a 
graph Ek of order n = 3k with 7 t[i, 2 ](-^fc) = 2/c as follows. We start from the 
complete graph Kk with V{Kk) = {vi,V 2 ,--- Wfe}- Let V{Ek) = V{Kk) U 
W U VF', where W = and W = and 

E{Ek) = tCjtc', tc-Uj+i} U E{Kk), where i + 1 is taken modulo k. 

Therefore, E^ is a graph of order 3k and for any 1 < i < k, d{vi) = k + 1 and 
d{wi) = d{w[) = 2. The graph E^ is shown in Fig. 3. 



■^2 

>W2 


Fig. 3 . The graph F4 


Proposition 2.6. For an integer k> A, 7 f[i, 2 ](-^fc) = where n = 3k. 

Proof. Let S' = hF U hF'. One can see that S' is a total [l,2]-set of E^ and 
thus 7 i[i, 2 ](-Sfc) < Now suppose that 'yt[i, 2 ]{Ek) < ^ and S' is a 7 i[i, 2 ]-set 
of Ek. Then S' O V{Kk) ^ 0 and |^' O V{Kk)\ < 2. 
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Assume first that \V{Kk) fl S"| = 2 and let Vi,Vj G S' for some two 
distinct i,j G {1, 2, • • • , k}. In this case, ({fi, V 2 , - ■ ■ , v^} \ {vi, Vj}) fl S' = 0 
and thus Wi, w'l G S' for any / G {1, 2, • • • , fc} \ {i, j}. But, \Ng{vi) fl S'\ > 3, 
a contradiction. Now assume that \V{Kk) fl S'| = 1 and V{Kk) fl S' = {ui}. 
Since Vi ^ S' for any i G {2, 3,4}, we have tC 2 , w '2 G S' and tcs, tCg G S', and 
thus |A"G'(n 3 ) n S'l > 3, a contradiction. 

□ 

Now, for 8 < A; < ^ — 1, we construct a graph Hn,k of order n, 7 t[i, 2 ](hfn,fc) = 
k and 6{Hn,k) > 2 as follows. We start from the complete graph Kn-k 
with V{Kn-k) = {vi,V 2 g-- and r = \}^\. The graph H^^k has 

V{Hn,k) = V{Knt) U {Wi,... ,tCr} u {w '^,..., w'} U W, where 

Y'- I ifk = 2r + 2 

1 {w,w',w"}, if k = 2r + 3 , 


and 

E{Hn,k) = E{Kn-k)S\{ViWi,WiW'i,w'^Vi+i \ 1 < f < r-l}ij{VrWr,WrW'^,w'^Vi}'SE', 

where 

E' = {ww'} U {vjW, Vjw'l r + l<j<n — k}, 
if /c = 2r + 2; and 

E' = {Vr+lW, Vr+ 2 'w", Ww', w'w"} U {VjW, Vjw"\ r + 3<j <71 — k}, 

if /c = 2 r + 3 . See Fig. 4 for an illustration for i^i4,8 and ihi5,9. 




Fig. 4. The graphs Hi4^8 and ^15,9 


Proposition 2.7. For any n and k with S < k < ^ — 1, there exists a graph 
G of order n with 5{G) > 2 and 7 i[i, 2 ](G) = k. 
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Proof. Note that the order of the graph Hn^k as constructed above is n and 

C' _ / {^ 1 ’ ■ ■ ■ ’ u {w [,..., wl} U [w, w'}, if /c = 2 r + 2 
\ {tCi,..., Wr} u {w [,..., w'j.} U {tc, w', w"}, if /c = 2 r + 3 , 

is a total [l, 2 ]-set of Hn,k- So, 7t[i,2](-ffn,fc) < k. In addition, any proper 
subset of S’ is not a total [ 1 , 2 ]-set of Hn,k- Let S' be a 7t[i,2]-set of iLn.fc- Note 
hrst that |S fl Id (Kn-k) \ < 2 since S is a [ 1 , 2 ]-set of Hn^k- Our proof is based 
on the fact that: if Uj ^ S and Uj+i ^ S for 1 < i < r — 1, then {wt, tc'} C S 
since N{wi) = {vi,w'j}, N{w'f) = and S is a total [l, 2 ]-set; and 

similarly if S fl {ur+i, Vr+2, • • •, Vn-k} = 0 , then {tc, w'} C S if A: = 2r + 2 or 
{tc, ta', w"} C S if /c = 2 r + 3 . 

Claim 1 . |Snl/(iL„_fc)| < 1 . 

By contradiction, suppose that |S n V{Kn-k)\ = 2 and vi^Vj G S. If 
\S n {ui,... ,Vr}\ < 1 , there exists 1 < z < r such that ^ S since 

r > 3 , then {wi,w'^} C S. But now, {wi^vi^Vj} C N{vi)P[S. This contradicts 
to the fact that S is a [ 1 , 2 ]-set. So we may assume |S fl {ui,..., Urjl = 2. 
Then w E S since {vi | r + 1 < z < n — A:} fl S = 0 , which means {zn, vi, Vj} C 
A^(z'r+i) n S, a contradiction. 

Claim 2 . S n V{Kn-k) = 0 - 

By contradiction, suppose that |Snld(iL„_fc)| = 1 and vi G Sr\V{Kn-k)- 
If 1 < / < r, then {w,w'} C S, and then {w,w',Vi} C N{vr+i) fl S if 
A: = 2r + 2 or {w, w", vi} C N^Vr+s) n S if A: = 2 r + 3 , both contradicting to 
the fact that S is a [ 1 , 2 ]-set. Ifr + 1 < I < n — k, then {zui, w'^,W2, zn^} C S, 
so {w'i,W2,vi} C N{v2) n S, a contradiction. 

It follows immediately that S = S’ and thus 7z[i,2](LAn,A;) = k. □ 


3 Graphs with no total [l,2]-set 

As we have seen in the previous section, there exist many graphs with no 
total [1, 2]-set, we summarize it as follows. 

Theorem 3.1. Let G be a connected graph of order n. 

( 1 ) If n> 3 and 7[i,2](G) > then 7*7,2] (C) = +00; 

( 2 ) If n> 5 , 6{G) > 2 and 7 [i, 2 ](G) > then 7 t[i, 2 ](C) = +cx); 

( 3 ) Let G be a tree of order n with k leaves. //7[i,2](C) = n — k, then 
lt[i,2]{G) = +CX0 unless G is a caterpillar. 
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Proof. ( 1 ) and ( 2 ) are immediate from Theorem 12.31 and 12.61 

( 3 ) Assume that exists and S' is a 7t[i^2](7")-set of T. Let L be 

the set of all leaves of T. If n G L n S', the support vertex of v also lies in 
S'. It follows that S" = S' \ L is also a [ 1 , 2 ]-set of T and hence |S"| < n — k. 
Since 7[i,2](7') = n — k, we have |S"| = n — k and V{T) \ S' = L. If there 
exists a vertex v E S' such that N{v) C S', then S' \ {n} is a [ 1 , 2 ]-set of T 
with cardinality less than n — k, a. contradiction. So each vertex in S' must 
have at least one neighbor outside S', which means all the vertices of S' are 
support vertices of T. It is easy to see A(T[S"]) < A(T[S]) < 2 . So T[S"] 
must be a path and then T is a caterpillar. □ 

Let p and k be two integers with p > /c + 2 > 5 , Gp^k is a graph obtained 
from a complete graph Kp as follows: for every fc-element subsets S of the 
vertices set V{Kp), we add a new vertex Xg and the edges XgU for all u E S. 
In [H], Yang and Wu proved that 7[i,2](Gp_fc) = \y{Gp^k)\- So, it is immediate 
from Theorem 13.11 that 

Corollary 3 . 2 . If p > k + 2 and k > 3 , then 7*7,2]= +C)0. 

4 Graphs with 7t[i,2](G') = 7[i,2](G') 

It was shown in [ 1 ] that if G is the corona H o Ki of a graph H, then 
7[i,2](ij) = 7(G^)- For total [1, 2]-domination number, we proved the following 
result. 

Theorem 4 . 1 . Let G be the corona H o Ki of a connected graph H of order 
n> 2 . Then 7*[i,2](C) = 7[i,2](C) if and only if H is a path or a cycle. 

Proof. To show the sufficiency, let S' be a 7*7,2] (G)-set of G. Since S' is a 
dominating set, for a leaf of G, either itself is contained in S or its support 
vertex contained in S'. Moreover, By the dehnition of corona, for two leaves, 
their support vertices are different. So, [S'! > n. On the other hand, since 
H is a path or cycle, V{H) is a total [l, 2 ]-set of G, [S'! < \V{H)\ = n. This 
proves the sufficiency. 

To show the necessity, we assume that 7*[i,2](Ff °Ki) = oKi), and 

let S' be a 7*[i,2](G)-set of G. Obviously, all the support vertices must he in 
S', which means V{H) C S'. On the other hand, A(G[S']) < 2, implying that 
A(iL) < 2 . Moreover, since H is connected, H = Pn or H = Gn- 

□ 

Theorem 4 . 2 . (f^) If G is a graph without isolated vertices, then G has a 
minimum dominating set D such that, for allv E D, pri{v,D)r\{V{G)\D) ^ 

0 . 
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Using the above result, Chellali et ah [ 1 ] gave the following sufficient 
condition for a graph G satisfying 7 (G) = 7 [i, 2 ](G). 

Theorem 4.3. (^) If G is a P^-free graph, then 7(G) = 77,2] (G). 

By slightly simplying the proof of the above theorem, we get the following 
stronger result. 

Theorem 4.4. Let G he a P^-free graph without isolated vertices. If D is a 
minimum dominating set of G such that pri{v, D) fl (U(G) \ D) 7^ 0 for all 
V ^ D, then D is also a [ 1 , 2 ]-set ofG. 

Proof. By contradiction, suppose that D is not a [l, 2 ]-set of G. Then there 
exists a vertex u ^ V \ D with at least three neighbors x, y, z say, in D. For 
convenience, we use to denote the set of private neighbors of n in U \ H 
for a vertex v E D. Hence, 7 ^ 0 for every v G {x, y, z}. We consider two 
cases. 

Case 1. U Hy U ^ N{u). 

Without loss of generality, let z' E \ N{u). If xz ^ E{G), then 
{z', z, u, x} induces a P4 in G. So, xz G E{G). Similarly, we have yz G E{G). 
Furthermore, xy G E{G), since otherwise, {x',x,z,y} induces a P4 in G, 
where x' G A^. To avoid a P4 induced by {P, z, x, x'} induces a P4 in G, we 
have x'z' G E{G). But, {y,x,x',z'} will induces a P4 in G, a contradiction. 

Case 2. A^A Ay\J A^ C N{z). 

Note that {N{y) n N{z)) \ {N{u) U N{x)) 7 ^ 0. If this is not, then 
{D \ {y,z}) U {«} is a dominating set of G with cardinality less than |P|, 
a contradiction. By a similar argument to the above, we have {N{x) n 
N{y)) \ {N{u) U N{z)) ^ 0. Take p E {N{y) n N{z)) \ {N{u) U N{x)) 
and q E {N{x) O N{y)) \ {N{u) U N{z)) respectively. 

If pq G E{G), then each of {u,z,p,q} induces P4 in G. So, pq ^ E{G). 
If xy ^ E{G), then pyqx induces a P4; if yz ^ E{G), then qypz induces 
a P4 in G. So, it follows that xy G E{G) and yz E E{G). By a similar 
argument to the above, one has xz E E{G). But, then {q,x,z,p} induces 
P4, a contradiction. 

Consequently, P is a [ 1 , 2 ]-set and the theorem is proved. □ 

Theorem 4.5. If G is a connected P^-free graph of order n> A, then 
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Proof. If A(G) = 77 ,- 1 , then the result trivially holds. So, next we assume 
that A(G) <77 — 1. By Theorem 4.4, let D be a 7 [i^ 2 ] (G)-set of G such that 
pri{u, D) n (14(G) \ D) 7 ^ 0 for all u E D. Among all such dominating sets, 
we choose one such that a;(G[Zi)]) is as small as possible. We show that D 
is also a 7 i[i^ 2 ](G)-set of G. By contradiction, suppose that D is not a total 
[l,2]-set. Then, either 5 {G[D]) = 0 or A(G[I1]) > 3. 

Case 1. A([Zi)]) > 3. 

Suppose V E D is a. vertex having three neighbors vi,V2,V3 say, in D, 
and let w E pri{v,D). Wi E pri{vi,D) for i = 1,2,3. To avoid having a 
P 4 induced by {tCi,Ui, n, 772 }, we have V1V2 E E{G). Similarly, ww2 E E{G), 
since otherwise {w,v,V2,W2} induces a P 4 . But then {w,W2,V2,vi} induces 
a P 4 , a contradiction. 

Case 2 . A(G[P]) < 2 and 6 {G[D]) = 0. 

Since A([P]) <2, all components of G[D] are paths or cycles. Combing 
this with the fact that G is P 4 -free, each component of G[D] is isomorphic to 
Ki, ^ 2 , P 3 , K 3 or G 4 . Without loss of generality, let Eli be an isolated vertex 
for any integer i < k and Hj is a path of order at least two or a cycle for 
any k + 1 < j < t. Since G is P 4 -free, diam{G) < 2 , which implies that 
N{x) n A(7/) 7^ 0 if x and y he two different components of G[D]. Without 
loss of generality, let V{Hi) = {ui}. Let viwvj be a path connecting vi 
and a vertex vj E V{Hj) for some j > 2. To avoid having a P 4 induced by 
{ui, tc, Uj, n'} for any n' E N{vj) fl V{Hj), and thus V{Hj) C N{vi). But 
then D' = {D\ V{E[j)) U {ta} is a dominating set of G with cardinality less 
than |P| if \V{E[j)\ > 2. So, \V{E[j)\ = 1 for any j, i.e. each component of 
G[D] is an isolated vertex. 

Since A(G) <77 — 1 , 7*7,2](G) = k > 2. Let D = {vi,V2, ■ ■ ■ ,Vk}- Since 
G is connected, N{vi) fl N{vj) 7^ 0 for some integer j G { 2 ,..., /c}. Without 
loss of generality, let j = 2 . Take w E N{vi) H N(02) and Wt E pri{vi, D) for 
i E { 1 , 2 }. To avoid a P4, pri{vi,D) U pri{v2, D) C N{v), since otherwise, 
if wiw ^ E{G), {wi,vi, 10,02} induces a P4. If {N{vi) fl N{v2)) \ {ta} C 
N{w), then {D \ (ai, a2}) U {ta} is a dominating set of G, a contradiction. If 
{N{vi)r\N{v2))\{w} ^ N{w), then D' = (P\{a2})U{ta} is a dominating set 
of G. Since {N{vi) H N{v2)) \ {ta} ^ N{w), pri{vi, D') 7^ 0 ; a2 G pri{w, D'), 
pri{vi, D') = pri{vi, P) for 3 < 7 < fc and ca(G[P']) < ca(G[P]), contradicting 
the choice of D that ca(G[P]) is as small as possible. 

□ 
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5 Further research 


It is interesting that the total [ 1 , 2 ]-doniination problem is concerned with 
graph partition and factors. Recall that a spanning subgraph hf of G is called 
a [a, b]-factor if a < dniv) < b. In particular, H is called a k-factor of G if 
hf is a fc-regular spanning subgraph of G. 

Conjecture 1 . For any cubic graph G of order n, 7t[i,2](G) < n. 

The statement of Conjecture 1 is equivalent to that every cubic graph G 
has a vertex partition (S', 1 /(G) \ S) such that 1 < ( 5 (G[S']) < A(G[S]) < 2 
and 1 < 5 {G-S)< A(G - S) <2. 

It is well-known that every regular graph has a [l, 2 ]-factor (see [TT]). 
and so does a cubic graph. Hence Conjecture 1 asserts the existence of [ 1 , 2] 
-factor with an additional property in a cubic graph. A theorem of Petersen 
nm says that every even regular graph G has a 2-factor. So, we also pose 
the following conjecture. 

Conjecture 2. For any 4 -regular graph G of order n, '^t[i,2]{G) < n. 

The middle levels problem, attributed to Havel [8], concerns the following 
family of graphs. Let n, a, b be integers with 0 < a < 6 < n. Let G{n; a, b) 
denote the bipartite graph whose vertices are all the a-element and 6-element 
subsets of an n-set, say [n] = {1, 2,..., n}. An a-element subset A and a b- 
element subset B are adjacent in G(n; a, b) if and only if A C R. So, the 
order of G(n; a, b) is (") -|- (^). The middle levels problem asks that for a 
positive integer k, is the graph G{ 2 k+ 1 -, k, k + 1 ) Hamiltonian? It is so-named 
because it deals with the central levels of the Boolean algebra Yang 

and Wu [g proved the following theorem. 

Theorem 5 . 1 . (IT^) Let n and k he two integers with n > k > 3 . If n 
is sufficiently large with respect to any fixed k, then yq 2](G(n; k,n — k)) = 
\V{G{n-k,n-k))\. 

So, by Theorems 3.1 and 5 . 1 , if n is sufficiently large with respect to 
any hxed /c, then 7t[i,2](G(?7.; k,n — k)) = -|-cxo. Note that G(n; k,n — k) is a 
-regular bipartite graph of order 2(”). So, we ask the following problem. 

Question. What is the smallest integer k such that there exists a fc-regular 
graph G with 7*7,2] (G) = -Fcx) ? 

Chellali et ah jl] asked that if 77 2] (G) < n for any graph 5 -regular graph 
G ? If this is true, it is equivalent to the following conjecture. 

Conjecture 3. Every 5 -regular graph G has an induced subgraph H with 
3 < dniv) < 4 . 
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Note that a stronger assertion, that every 5-regular graph G has an 3- 
regular or 4-regular induced subgraph H, generally does not hold. The formu¬ 
lation of Conjecture 3 reminds us the well-known Berge-Saure conjecture [1], 
conhrmed by Taskinov na and Zhang ca. which says that every 4-regular 
graph contains a 3-regular subgraph. 
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